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ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO
THE ENTSCHEIDUNGSPROBLEM

By A. M. Turixe.
[Received 28 May, 1936.—Read 12 November, 1936.]

The “computable” numbers may be described briefly as the real
numbers whose expressions as a decimal are calculable by finite means.
Although the subject of this paper is ostensibly the computable numbers.
it is almost equally easy to define and investigate computable functions
of an integral variable or a real or computable variable, computable
predicates, and so forth. The fundamental problems involved are,
however, the same in each case, and I have chosen the computable numbers
for explicit treatment as involving the least cumbrous technique. I hope
shortly to give an account of the relations of the computable numbers,
functions, and so forth to one another. This will include a development
of the theory of functions of a real variable expressed in terms of com-
putable numbers. According to my definition, a number is computable
if its decimal can be written down by a machine.

In §§9. 10 I give some arguments with the intention of showing that the
computable numbers include all numbers which could naturally be
regarded as computable. In particular, I show that certain large classes
of numbers are computable. They include, for instance, the real parts of
all algebraic numbers, the real parts of the zeros of the Bessel functions.
the numbers =, e, etc. The computable numbers do not, however, include
all cefinable numbers, and an example is given of a definable number
which is not computable.

Although the class of computable numbers is so great, and in many
ways similar to the class of real numbers, it is nevertheless enumerable.
In § 8 I examine certain arguments which would seem to prove the contrary.
By the correct application of one of these arguments, conclusions are
raached which are sunerficially similar +0 thace of (éadeltr  These resilfs

Alan Turing
1912-1954
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= Alonzo Church & Alan Turing:
Church-Turing Hypothesis:

Any reasonable attempt to model mathematically
computer algorithms and their performance is
bound to end up with a model of computation and
associated time cost that is equivalent to Turing
machines within a polynomial.

Alonzo Church
1903-1995
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n'a pas de solution pour des enziers n>2
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+

= David Hilbert (1900)

Tenth Problem: determine
whether a given polynomial
Diophantine equation with
Integer coefficients has an
Integer solution.

217 4 17 = 717
x3+y3=z3+w3+us
22020 45,2021 _ ;2022

David Hilbert
1862-1943
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i Entscheidungsproblem

- NEURSRNRICHIERE (Hilber
1928)
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ZEXE—AERIL Mg@EA Ax):
If (M (x,x)) {

Int 1=1;

while(true){

I++:

}
}
Return 1;
o)fi: EER Mg LtBITMs =& EL?

26




HEEN “BiE
%”
FisERHLM,

o HFjH it
éﬁtﬂ%x]

o FifTHEj:
Ml?':l_:xf_lz’%1$
¥, MEL; &
50

| RIMym T EXKEK ¥




i e

= Mr. S, Mr. PERE B EWBRIHEIEGE 1. A8
%5 rwﬂ/\*%&M%nN (3<M,N<100), Fim
M+NRIESFIR TStE, FEM*NRIEEHIR TP
. AEBEROSAEMPELE: “RI1EENE
%IJEI’H SHEMFINRER?

STEE" BHERAFIE, HBAFE. ”
PRENIARIIET . 7
STEEHREEETY . 7

1518], MFINZ MR~ ?

28



i !



