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2009: —n +0(1). Re BB pIH ?
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for all & in (the symmetric group) S,. We show that f(n)<(5n+5)/3, aftt
n a multiple of 16. If, furthermore, each integer is required to particips
reversed prefixes, the corresponding function g(r) is shown to obey

~hristos papadimitriou
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We introduce our problem by the following quotation fro

Bill Gates



i 475 10

s B[ ?1751.}32

I

« EE: S



i /No, KOIEE

» 5/8HEF
= IZ1THIIE] 0(n?)
o RIRHEF
« EIEITETE] O(nlogn)

O ZEEO(TLZ)




i IOROIBE  (FMWInan, {g(M)ns

s f(n) =o0(gn))if 11m 283 0

= 1000nlogn = o(nz)

a nt000 — O(Zn)

200 0.001)

s log“" " n =o0(n
s f(n) =0(g(n)) if IEHCc > 0,(FS
f(n) < cg(n) MFETABINERRKAL
= 1000nlogn = 0(n?)
» 101090 n = 0(n)




i Q(),0()ie%

s f(n) = Q(g(n)) if IF#c > 0,F1=
f(n) =cg(n) ¥R RKEINERAKIL
s n° = Q(nlogn)
= 0.0001n3 = Q(n?)

= f(n) =60(g(n)) iff f(n) = 0(g(n)) A
f(n) =Q(g(n))
= 10n% — 20n + 45 = 0(n?)

« BE: 2000 Fn0(2") —HEMS ?




H: Z=XY 123
- W X321
= Idea 123
X =X, x10%? + X, 246
Y = ¥, x 10M2 + Y, 569
7 — Yy — 39483

XYy x 10™ + (X, Y, + X, Y;) x 102 + X, Y,

10



i Tk (2)

[ ﬁj\%lji_l_%- X1Y1;X1Y2)X2Y1)X2Y2

s FEERE: T(n) = 4T (g),m) =1

§ T(n) — le...

s TR X Y, XY, (X + X)) (Y + 1)
X1V + X7 = (X1 + X)( + Vo) — X1V — X, 0,
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i Tk (3)

s FENB: T(n) = 3T (g) T(1) =1

O T(Tl) = nlo823 5 nl1-59

L] IE\ E(J Hq‘l‘aj E;F':E .

S(n) = 35 (E

2
S(n) = 0(n'°82 3)

)+cn
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i Ferk(4)

- BEEER?
= STAR3ER?
X =X, x10%"3 + X, x 103 + X,
Y =Y, x 102™/3 +y; x 103 +Y,
7 =XY
= X,Y, x 10*"/3 + (X,Y, + X,Y;) x 10™
+ (XoYs + X1 V) + X,Yp) x 1027/3
+ (X Yy + X, V7)) x 103 + XY,
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i ek (5)

= Hm_
X =X, x10%"/3 + X, x 10"3 + X,
Y =Y, x 1023 + Y, x 10"3 + Y,

i’-l_,'%r'XzYz,XlYl,XOyO,
AR (X, + X)) (Y, + Y7), (Xq + X)) (Y1 + Vo),
(Xz + XO)(YZ + Yo)
T(n) =6T(n/3)+cn = T(n) = O(nlogg 6)~n 1631
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A =X, + X, + X, B,=Y,+Y, +Y,,
A =X, +aoX, +@°X,, B =Y,+aoY, +o,,

A, =X, +0° X +aX,, B, =Y, + 0%, +oY,.
AB, +AB +AB, = 3(+[X1Y0 + XOYJ
AB, + @AB, + @ AB, =3(X,Y, + XY, + XY,
Ay + " AB, + @A,B, =3(X,Y; + X,Y, X Yo)




i 1 (6)

N -]’-I-.%XZYZJ XOYO) Asz, AlBl' AOBO

s T(n) =5T (%) + cn

T(n) — O(nlog3 5)~Tl1'465

BEW: SEER?
o PRIREIIMH T HE(FFT)
=« idea: H1Ef (2) 9(2), 1F

JRLA%EA HIR{E 2 T\
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m f(2) =X+ X, 2+, + X 2"

= 9(2) = Yoty z+...t y,2"

a h(z) =1(2) g(z), h(10) or h(2)
< N=2n+2, Hlay, a,, ..., oy

I'L
I'L

Hf (ay), ..., T (o), 9(051) ., 9(ay)

& h(a) = f (0:)g(e;) (1=1 2, ..., N)
N 'i,"

Eh(2)
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ek g H- 2 e (Fast Fourier

i Transform)

» BEUEIMZT#(Discrete Fourier
Transform)

DFT_ (X, Xyees X, 1) €C" = (Vy, Viyeons Vi q) €CT
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n/2-1 n/2-1

i ij .
Za)n/2X2J +a)n an/2X2J+1(| _O,l,..., n/2_1)
=0 _
0

a)nlz
n/2-1 n/2-1 1
D olny o 2 sl

y|+n/2 a)nlz 2] @, |
=0 _
o

)+W, 5 - DFT 5 (Xogq)
)_Wn/z ' DFTn/Z(Xodd)

Y, = DFT (X
Y

down

even

=DFT_,,(X

even
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» BT IRIREEMHTR
m 0 (n lOg n lOg log TL) (Schénhage and Strassen, 1971)
s O(nlogn 20008 MY e, 2007)

m 0 (n Og n 8log n) (Harvey and Hoeven, 2016)

s O (Tl Og n 410g n) (Harvey and Hoeven, 2019)

s O (Tl Og Tl) (Harvey and Hoeven, 2021)

s log'n £ min{k:f()glog:--log?l <1}
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dy, &, - b11 b12 o b1n Ch1  Cp
dy . . b, . |G
_anl ann_ _bnl bnn_ _Cnl

in™~nj

O(n®)iR 3z, O(N)IXINA




i SERETR T (2)

|:a'11 a12 :| ' |:b11 b12 :| _ |:C11 C12 :|
a21 a22 b21 b22 CZl C22

M, = (&, — a8y, )(0, +by,) C,=M +m,—m, +m,
m, = (ay; +a,) (b, +by,) C, =M, +Mm,

My = (8y; — 8y )(0y; +Dy,) C,, =M, +m,

m, = (ay; +a;,)b, C,, =M, —m,+m, —m,
m; =8, (b, —by,)

Mg = Ay, (b21 B b11) O(nlog / zZBl»ﬂﬁﬁE

m, = (3-21 + a22)b11



i SERETeHE(3)

= Strassen algorithm’69 0 (n%%1)
- 0(n2.79)’ 0(112'55), 0(7’12'48)

= Coppersmith—-Winograd algorithm’89
0(n2.376)

= Stothers’10 0(n*37%)
= Williams'1ll 0(n*373)
= Le Gall'14 0(n*37%%)
= Alman, Williams'21 0(n?3728596)
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= XiGtE (Hanoi) o1
= MRBIMRETEAT?
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