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& RHL(Turing Machine)

-
Universal State

~
Turing Transition @ @‘

Machine Diagram .
¥ Turing Machine _/@
h ea d ;gescriptiun @ @{J—'—' @
Infinite Tape - :fj_

] 0 1 ) 0 1 | 0 0 L Table

state

Tape
...an unlimited memory capacity obtained in the form of an infinite tape marked out into
squares, on each of which a symbol could be printed. At any moment there is one symbol in
the machine; it is called the scanned symbol. The machine can alter the scanned symbol and
its behavior is in part determined by that symbol, but the symbols on the tape elsewhere do not
affect the behavior of the machine. However, the tape can be moved back and forth through

the machine, this being one of the elementary operations of the machine. Any symbol on the
tape may therefore eventually have an innings. (by Turing 1948)
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= Alonzo Church & Alan Turing:
Church-Turing Hypothesis:

Any reasonable attempt to model mathematically
computer algorithms and their performance is
bound to end up with a model of computation and
associated time cost that is equivalent to Turing
machines within a polynomial.

Alan Turing
1912-1954
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ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO
THE ENTSCHEIDUNGSPROBLEM

By A. M. TurirG.
[Received 28 May, 1936.—Rend 12 November, 1936.]

The ““computable” numbers may be described briefly as the real
numbers whose expressions as a decimal are caleulable by finite means.
Although the subject of this paper is ostensibly the computable numbers,
it is almost equally easy to define and investigate computable functions
of an integral variable or a real or computable variable, computable
predicates, and so forth. The fundamental problems involved are,
however, the same in each case, and T have chosen the comyputable numbers
for explicit treatiment as involving the least cumbrous technique. I hope
shortly to give an account of the relations of the computable numbers,
functions, and so forth to one another. This will include a development
of the theory of functions of a real variable expressed in terms of com-
putable numbers. According to my definition, a number is computable
if its decimal can be written down by a machine.

In §§9, 10 I give some arguments with the intention of showing that the
computable numbers include all numbers which could naturally be
regarded as computable. In particular, I show that certain large classes
of numbers are computable. They include, for instance, the real parts of
all algebraic numbers, the real parts of the zeros of the Bessel functions.
the numbers =, ¢, etc. The computable numbers do not, however, include
all definable numbers, and an example is given of a definable number
which is not computable.

Although the class of computable numbers is so great, and in many
ways similar to the class of real numbers, it is nevertheless enumerable.
In § 8 I examine certain arguments which would seem to prove the contrary.

By the correct application of one of these arguments, conclusions are
U It R AN AN . § (HN L Y S I (R S 2 (ETEN D L2 1) P | .
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